We study the correlated two-electron momentum spectra of the nonsequential double ionization (NSDI) of an atom in an intense laser field based on the recently developed quantitative rescattering (QRS) theory. According to the rescattering model, an electron that was released earlier in the laser pulse may return to collide again with the target ion. NSDI can occur directly if this electron knocks out another electron in a process similar to the (e,2e) process or indirectly by first exciting the target ion to an excited state which is later ionized by the laser field. Using QRS, we obtain the returning electron wave packet. By multiplying this wave packet with standard field-free (e,2e) differential cross sections, or with inelastic electron-impact excitation cross sections and the subsequent tunneling ionization, we obtain the correlated two-electron momentum spectra. The calculated spectra agree mostly with the experimental data. However, experimental data show additional features that cannot be accounted for by these two mechanisms only, and other mechanisms for NSDI are suggested. The contributions of these mechanisms to the longitudinal ion momentum distributions are also analyzed. The present quantum mechanical QRS calculation verifies the validity of rescattering model for the NSDI processes at the most fundamental and detailed level.
I. INTRODUCTION
Nonsequential double ionization (NSDI) of atoms by linearly polarized laser pulses is one of the most interesting and challenging topics in strong-field physics. It represents a unique example where electron-electron interaction plays an essential role in the presence of a strong laser field. While the phenomena have been understood qualitatively based on the rescattering model [1, 2] , a full quantum mechanical theory for the complete quantitative description of the NSDI, even for a helium atom target, is still lacking. According to the rescattering model, an electron is first set free near the maximum of the oscillating electric field. Subsequently, it is driven back to the parent ion when the field changes direction, either to ionize or excite the second electron. If the second electron is excited, later it is easily released to the continuum when the laser's electric field increases again. Both processes result in the emission of two free electrons after the pulse is over. Since the 1990s, partial information on NSDI has been obtained experimentally from measuring the total yields, or the momentum distributions, of the resulting doubly charged ions [3] [4] [5] [6] [7] [8] [9] . Many such measurements have been reported for rare-gas atoms and for molecules using lasers of different intensities and different wavelengths. Since the 2000s, more complete measurements on the full momentum vectors of the two outgoing electrons have become available [10] [11] [12] [13] [14] [15] [16] [17] . So far, such experiments have been reported only for 800-nm lasers, and often only the longitudinal momentum distributions (with respect to the laser's polarization axis) of the two electrons are presented. These latter data pose the ultimate challenge for our theoretical understanding of the NSDI processes.
Over the past two decades, there have been no shortage of theoretical efforts aiming at the NSDI processes. Since both the strong field of the laser as well as of the electron-electron interaction cannot be treated as perturbations, most of the theoretical efforts are based on some approximations. Using pure numerical approaches, they are either solved using a classical equation of motion [18] or using quantum mechanics with reduced dimensions [15, [19] [20] [21] . Clearly, for pure numerical methods it is desirable to obtain an "exact" numerical solution of the time-dependent Schrödinger equation (TDSE) of the helium atom in the laser field. Unfortunately, such calculations have been reported so far for only helium atoms exposed to a 390-nm laser pulse [22] . For lasers of longer wavelengths, even the common 800-nm Ti:Sapphire laser, these calculations are still not possible with the present-day computers. For the full TDSE calculations, to obtain correlated electron-momentum distributions, one also has to project out the momentum wave function of the two continuum electrons, which by itself is not a trivial task.
The numerical methods discussed in the previous paragraph do not rely on the rescattering concept of NSDI outlined earlier. For theories that are based on such an idea, the so-called S-matrix theory was first employed [23] [24] [25] [26] [27] . This is a quantum perturbative expansion method starting with the "strong-field approximation." In this theory, the full electronnucleus and electron-electron interactions are treated as the perturbation. Realistically, such theoretical calculations cannot be carried out beyond the second order. This means that all the electron-nucleus and electron-electron interactions have been included to first order only. Other approaches based on the rescattering model include treating tunneling ionization of the first electron quantum mechanically, but treating the propagation and the collision of the returning electron with the parent ion classically [28, 29] . Such methods require additional modeling of the classical phase space of the second bound electron in the initial state and in the excited state after the excitation process.
In this paper, we present a full quantum theory of the NSDI processes based on the rescattering model. In the laser field, an electron is first released by tunneling ionization from the atom. This electron may be driven back and accelerated by the electric field of the laser to revisit its parent ion as its phase changes subsequently. According to the rescattering model, these returning electrons can knock out or excite another electron to an excited state, analogous to the (e,2e) and electron-impact excitation processes, respectively. Since these processes occur in the laser field, each outgoing electron will acquire an additional momentum from the laser field. For the excited electron, it can be tunnel ionized by the laser field at a later time and emerges as a free electron as well. The additional momentum gained by each electron from the laser field is governed by the vector potential of the laser at the time when the electron is released. Using such a rescattering model, the momentum range of the two electrons and of the recoil ion can be understood based simply on the collision kinematics alone [11] , that is, independent of the electron dynamics of the atom in the laser field. To go beyond this simple qualitative description, however, the theory has to be extended to the next level where quantitative calculations can be performed.
It is well recognized that NSDI is just one of the important rescattering phenomena when an atom is placed in a strong laser field. High-order harmonic generation (HHG) and highenergy above-threshold ionization (HATI) are also understood as resulting from the interaction of the returning electrons with the parent ion. In HHG, the returning electrons recombine with the target ion with the emission of high-energy photons. In HATI, the returning electrons are backscattered by the parent ion and emerge as high-energy photoelectrons, gaining additional momentum from the laser field after the scattering. In our recent works, we have shown that both HATI and HHG spectra can be accurately calculated using the so-called quantitative rescattering theory (QRS) [30] [31] [32] [33] . Using QRS, HHG yields can be expressed as the product of a returning electron wave packet multiplied by the field-free photo-recombination cross sections [31, 32] . Similarly, HATI spectra can be expressed as the product of a returning electron wave packet multiplied by field-free differential elastic scattering cross sections [30] . Both HHG and HATI processes can be viewed as one-electron phenomena in the interaction of the returning electron with the ion core. For NSDI, it involves electron-electron interaction, thus its theoretical treatment becomes more complicated. Similar to our earlier works on HATI and HHG spectra, in this paper our goal is to demonstrate how to apply the QRS model to NSDI processes. In an earlier work, the QRS model has been applied to evaluate the dependence of the total NSDI yields versus laser intensity for Ar [34] . In this paper, we generalize the theory to obtain the full electron-momentum distributions of the two outgoing electrons. Such calculations would allow us to compare with the most complete NSDI measurements, thus testing the rescattering model employed at the most fundamental level. The basic theoretical ingredients are presented in Sec. II. Since both (e,2e) and electron-impact excitation processes are involved in the final NSDI electron spectra, we first address the theories used for these collisions under the field-free conditions. We then discuss how these theories can be modified in the presence of the laser field. In Sec. III, we apply the QRS to study the correlated electronmomentum spectra of helium, employing laser parameters used in Staudte et al. [15] , by analyzing the contributions from the (e,2e) direct ionization processes, as well as from the indirect excitation-tunneling ionization processes. The results based on the QRS model are then compared to the correlated momentum spectra reported by Staudte et al. [15] using different models of the (e,2e) collisions. From the correlated electron-momentum spectra, we also obtain the longitudinal momentum spectra of the He 2+ ions, which also can be compared to experimental measurements. Through such calculations we find that some features of the experimental correlated momentum spectra cannot be accounted for by either the (e,2e) or the excitation-tunneling mechanisms. We are thus drawn to suggest additional NSDI processes to interpret the remaining observed experimental features. The first is capture tunneling where the returning electron excites the core electron and itself is captured, thus forming doubly excited states. In the laser field, these two electrons are tunnel ionized subsequently before they have the chance to autoionize, thus contributing to double ionization signals. The other process is double ionization of the ground state by multiphoton process, or possibly single ionization followed by shakeoff. In both cases, rescattering is not involved. Such processes are characterized by low-energy electrons, as well as small recoil-ion momentum distributions. These mechanisms are discussed in Sec. III C. The ion-momentum spectra from the different NSDI processes are then addressed in Sec. III D. In Sec. IV, we provide a summary and discussion on what we consider the remaining issues of the present QRS theory for the NSDI processes.
II. THEORETICAL METHODS

A. Theoretical models for laser-free (e,2e) processes
Let r 1 and r 2 be the position vectors for the projectile and the bound-state electron, respectively, then the exact Hamiltonian for the whole system is
(Atomic units are used in this paper unless otherwise specified.) This Hamiltonian can be rewritten approximately as
where we assume that the He + ion initially is in the ground state and the charge of the nucleus is Z N = 2. In this equation, U i (r 1 ) is the initial state distorting potential, which is used to calculate the initial state wave function for the projectile. Using the prior form, the direct transition amplitude for the (e,2e) collision process is expressed by
where V i is the perturbation interaction,
In Eq. (3),
is an exact solution of the three-body problem satisfying the incoming-wave boundary condition, that is,
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In Eq. (7), the Coulomb interaction between the two outgoing electrons has been taken into account. This interaction can be turned off by setting α 12 = 0. In Eq. (8), is the gamma function and 1 F 1 is the confluent hypergeometric function. The initial state k i in Eq. (3) satisfies
where k i is the incident momentum. The initial state wave function k i (r 1 ,r 2 ) in Eq. (10) can be written in the product form
where ϕ k i (r 1 ) describes the incident electron and satisfies
and φ He + (r 2 ) is an eigenfunction of the equation
The ground state wave function of He + is taken to be
with the corresponding energy i = −I p where I p is the ionization potential. From Eqs. (10)- (13), we have
Due to energy conservation, E i = E f , we have 1 2
The distorting potential U i (r 1 ) in Eq. (12) is not determined by the formalism. If we choose U i (r 1 ) = 0, a plane wave is obtained to describe the incident electron, that is,
On the other hand, a Coulomb wave is an eigenfunction of Eq. (12) if one sets U i (r 1 ) = −(Z N − 1)/r 1 , that is,
where
Finally, the triple differential cross section (TDCS) for electron-impact ionization process is given by [36] 
Based on the general expression Eq. (19), we can now consider a few approximations that are often used in the field-free (e,2e) collisions. These are as follows: (i) The P-CC model, in which the incident electron is represented by a plane wave and the two continuum electrons in the final state are represented by the product of two Coulomb functions. The latter is obtained from Eq. (7) by setting α 12 = 0. (ii) The P-CCC model, in which the incident electron is approximated by a plane wave but the final two-electron continuum wave function is the product of three Coulomb functions, as in the BBK model [35] , that is, Eq. (7). Clearly, for an electron colliding with a He + ion, the electron experiences a Coulomb potential asymptotically; thus, a Coulomb wave, Eq. (18), would be more appropriate. Thus one can carry out C-CC or C-CCC approximations. In the BBK model, the interaction between each pair of charges is not screened by the presence of the third charge. This deficiency was first corrected by Berakdar and Briggs [37] , by introducing effective Sommerfeld parameters for the case in which the two outgoing electrons have equal energies. The model was later generalized by Chen et al. [38] for any geometry and energy sharing. Such a modification represents a dynamic screening (DS) of the three-body Coulomb interactions, and hence the improved BBK model is called DS3C. The details of the DS3C and its improvement over the BBK model when compared to the experimental TDCS for electron-impact ionization of atomic hydrogen can be found in Chen et al. [38] . In this paper, we consider the P-CC, P-CCC, and P-DS3C models only. Calculations based on C-CCC and C-DS3C are much more complicated and are not investigated in this work.
The TDCS in Eq. (19) is spin averaged for the usual (e,2e) collisions. We have used Eq. (19) in our previous TDCS calculations for the NSDI of helium [39] . However, the returning electron initially is in the helium atom, and the two electrons are in the singlet spin state. Since the total spin is preserved during ionization [40] , the TDCS should be given by
B. Theoretical models for laser-free electron-impact excitation processes
Different from the (e,2e) process, the final unperturbed state of the total system for electron-impact excitation of He + is given by
where ϕ k f is the wave function used to describe the outgoing electron, which satisfies the differential equation
For the present purpose, we set the distorting potential U f (r 1 ) = −(Z N − 1)/r 1 such that the scattered outgoing electron is described by a Coulomb wave. The final excited state φ f (r 2 ) satisfies
where n = −0.5Z 2 N /n 2 is the energy of the excited state. The T-matrix element for a transition from an initial state to a final state is then given by
where V i is given by Eq. (4). The differential cross section (DCS) for this transition is given by
where the exchange amplitude g exci is calculated from
In our actual calculations, a Coulomb wave is also used to describe the incident electron; that is, ϕ k i (r 1 ) in Eqs. (24) and (26) is expressed by Eq. (18) . Due to the same spin-conservation reason stated in the previous section, the DCS for electron-impact excitation of He + in the laser field should be expressed as
C. Quantitative rescattering theory for laser-induced (e,2e) processes
According to the QRS model [30] , for laser-induced single ionization at single peak intensity I , the momentum distribution D(I,p,θ) for high-energy photoelectron with momentum p at an outgoing angle θ with respect to the polarization, which is taken to be the +z axis, can be expressed as
Here σ (k r ,θ r ) is the elastic differential cross sections between free electrons, with momentum k r , with the target ion, and θ r is the scattering angle with respect to the direction of the returning electrons along the laser polarization axis. In Eq. (28), W (I,k r ) is called the returning wave packet, which can be interpreted as the momentum distribution of the returning electron beam. The photoelectron momentum p and the momentum k r of the electron after scattering with the parent ion are related by
where A r is the vector potential at the time when electrons return to the origin. In addition, based on the classical simulation [30] , the QRS relates
The projections of the photoelectron momentum in the parallel and perpendicular directions are
To study the laser-induced (e,2e) process, we recognize that the recollision electron, which is first tunnel ionized in the laser pulse and then driven back to collide again with the parent ion, is actually the incident electron with momentum k i . Thus
In the correlated two-electron momentum spectra induced in a strong laser field, experimentalists reported only the momentum components of the two electrons along the laser polarization axis. Thus we integrate the TDCS, for laser-free (e,2e) process at a given incident energy
where E max = E i − I p . In Eq. (33), we set φ 1 = 0 due to the cylindrical symmetry. In the actual calculations, the integration over φ 2 is performed only from 0 to π since the TDCS is symmetric about the plane containing k 1 and k i .
To obtain the correlated two-electron momentum spectra at an incident energy of E i for NSDI in a strong field, the only thing we need to do is to shift the momentum by using the relation in (29) , that is,
Similar to (28) , the final distribution can be evaluated by
whereW (E i ) is the volume-integrated wave packet [30] , that is, the wave packet integrated over the volume distribution of the laser pulse at peak intensity I 0 ,
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where W (I,E i ) is the wave packet of the returning electron with energy E i = k 2 r /2 in the laser field at single peak intensity of I , (∂V /∂I )dI represents the volume of an isointensity shell between I and I + dI defined in [41] for a Lorentzian (propagation direction) and a Gaussian (transverse direction) beam profile, and ρ is the density of atoms in the chamber. The temporal profiles of the laser pulses used in the simulation are discussed later. We also comment that in our calculation, the depletion effect is always included in the calculation of the wave packet.
D. Quantitative rescattering theory for laser-induced excitation-tunneling processes
Similar to the laser-free (e,2e) process, to compare with the measured correlated momentum spectra along the polarization direction, one needs to project the differential cross section for electron-impact ionization onto the polarization direction and integrate over perpendicular components. Since the differential cross section is symmetric about the incident direction, for a given incident energy, this integral can be simply performed as
According to the QRS model, the laser-free momentum spectra should be shifted by −A r , which is the vector potential at the moment when the recollisional electron returns to the parent ion. Without loss of generality, one may assign 1 to the projectile in the final state. Consequently, the momentum spectra for electron-impact excitation at a fixed incident energy in a strong laser field is given by
As mentioned earlier, since an excited electron is readily ionized in the strong laser field, the rate of ionization of the excited electron has to be considered. We evaluate the ionization rate by static-tunneling ionization theory, which is also the basis of the Ammosov-Delone-Krainov (ADK) theory [42] . Since excitation takes place at the time when the electric field is near zero, this is the moment from which tunneling ionization begins. Therefore, at time t, the tunneling ionization rate for an excited electron in the laser pulse with a single peak intensity I is given by
We use a linearly polarized laser pulse such that the electric field in Eq. (39) is taken as
where ω is the frequency of the carrier wave and φ is the carrier envelope phase with the envelope function a(t) chosen to be
for the time interval (−τ/2, τ/2) and zero elsewhere.
The modified ADK rate w[|F (t)|] in Eq. (39) is given by [43] 
where β is a correction factor introduced empirically by Tong and Lin [43] ,
with κ = 2I p , and Z c is the charge of the residual ion. In Eq. (42), l and m are the usual angular momentum quantum numbers of the valence electron of the atom, and C l measures the amplitude of the electron wave function in the tunneling region, which can be determined by the asymptotic behavior of the wave function of the electron in the bound state from which it is ionized [44] . The parameter µ in Eq. (43) is set to be 6 < µ < 12 for the cases considered here. In Eq. (39), t r is chosen to be the time when A r ≡ A(t r ) = k r /1.26. From Eq. (39), we mention that the depletion of the excited state has been explicitly considered.
The momentum spectra of the excited electron after tunneling ionization at the end of the laser pulse is obtained by shifting the initial momentum by the drift momentum, which is the vector potential at the time it is ionized. Since the initial velocity of the tunneling electron can be neglected, one obtains the momentum spectra for electron 2 as
Note that this equation relates the momentum of electron 2 to the time when it is ionized. The momentum distributions in p || 2 reflects the time dependence of tunnel ionization.
By taking into account the focal volume effect, the correlated momentum spectra for a fixed energy is then given by
with
The final distribution can be obtained by
where I exci is the excitation energy.
E. Kinematical analysis of the correlated electron-momentum spectra
First we consider the kinematics of the field-free (e,2e) process. In Fig. 1 , the (e,2e) kinematics in the coplanar geometry is illustrated. In the laser field, the recollision electron can be driven back in two directions along the polarization axis. When the electron tunnels out after the peak of the electric field when E(t) > 0, it will be driven back along +ẑ. This process is shown in Figs. 1(a) and 1(b) . The projectile electron is mostly scattered into the forward direction. For binary collisions, according to momentum conservation, k electrons lie in the momentum regime of (k
On the other hand, recoil collisions do take place if the bound electron is not ejected directly but is backscattered by the nucleus sequentially before it is ejected. This corresponds to the momentum regime of (k Fig. 1(a) . Since the two outgoing electrons are indistinguishable, the two electrons can be interchanged. Figure 1(b) illustrates the same collision except that electron 2 with momentum k 2 is regarded as the projectile while electron 1 with momentum k 1 is the ejected one. In this case, the recoil collision regime is bound by (k
For a long pulse, the probability that the electron is ionized during E(t) < 0 is the same as that when E(t) > 0. In the case when the electron is born when E(t) < 0, the recollision electron comes back along −ẑ, as illustrated in Figs. 1(c) and 1(d). Consequently, the momentum regime of (k || 1 < 0,k || 2 < 0) corresponds to the binary collision while the recoil collision has two possible regimes of (k
For the (e,2e) process occurring in the laser field, the parallel momentum of each electron is shifted by −A r as the electron exits the laser field. Here A r is the vector potential at the time of the (e,2e) collision. Figure 2 displays the kinematically allowed region of the momentum components of the photoelectrons parallel to the laser polarization for the two outgoing electrons due to the recollisional (e,2e) process. According to Eq. (29) , the center of the correlated momentum spectra is located in the third quadrant if the recollision electron returns to the parent ion along +ẑ. They correspond to the (e,2e) collision geometry shown in Figs. 1(a) and 1(b) . Similarly, the center of the momentum spectra for the collision geometry shown in Figs. 1(c) and 1(d) is located in the first quadrant. Using Eqs. (30) and (32), the center of the drift momentum is related to the incident energy (i.e., the returning electron energy) by and the allowed region of the correlated momentum spectra is restricted to a circle whose radius is determined by
In Fig. 2 , O and O indicate the momentum centers for an incident energy of 90 eV of recollision electron along +ẑ and −ẑ, respectively. With respect to each center, the binary collisions occupy one quadrant, while the recoil collisions occupy two quadrants. The remaining quadrant is not allowed based on the (e,2e) rescattering kinematics. In Fig. 2 , we also show that the allowed (e,2e) region shrinks as the returning electron energy is decreased.
We next consider the strong-field excitation-tunneling ionization process. For the laser-free electron-impact excitation process, at fixed incident energy E i , the range of the parallel momentum of the scattered electron is (−k |A r |), since the electron tunnels out with zero initial velocity. Here, the maximum momentum occurs when the excited electron is tunnel ionized immediately after impact excitation. These conditions lead to the correlated parallel momentum spectra in the first and fourth quadrants for the case in which the recolliding electron returns to the origin along the −ẑ direction, as illustrated by black rectangular areas in Fig. 3 , for incident energies of 90 and 60 eV, respectively. On the other hand, if the returning electron is driven back along the +ẑ direction, the correlated parallel momentum spectra will be located in the second and third quadrants as shown in Fig. 3 . Furthermore, since the two outgoing electrons are indistinguishable, the correlated spectra should be symmetric with respect to both diagonals p It should be noted that a similar kinematic analysis of the constraints of correlation electron momentum spectra for the (e,2e) and the excitation-tunneling ionization processes has been reported previously by Feuerstein et al. [11] .
Recently, Staudte et al. [15] reported a kinematically complete experiment on NSDI of He by an 800-nm, 4.5 × 10 14 W/cm 2 laser pulse. For the laser pulse used in the experiment, the ponderomotive energy U p = 27 eV, and the maximum energy that the returning electron accumulates in the laser field is E max i = 3.17U p = 85.6 eV. The measured correlated momentum spectra from Staudte et al. are shown in Fig. 4(a) . Based on this analysis, the (e,2e) events are located in the first and third quadrants only, while the excitationtunneling events are distributed symmetrically in all four quadrants. Following Feuerstein et al. [11] , by subtracting the corresponding number of excitation-tunneling events from the measured number of all events in the first and third quadrants, we obtain the correlated momentum distribution for the "pure" (e,2e) process, which is displayed in Fig. 4(b) . It should be noted that the original experiment spectra include contamination from the H + 2 background as indicted by the lines in Fig. 4(a) . This background should be removed to ensure that the spectra in the second and fourth quadrants are from the excitation-tunneling process only. The excitation-tunneling spectra are shown in Fig. 4(c) .
F. Returning electron wave packets
The kinematic analysis restricts the range of momentum space allowed by the (e,2e) and the excitation-tunneling ionization processes. To obtain the actual correlation momentum spectra, the (e,2e) and excitation-tunneling ionization cross sections have to be weighted by the returning electron-momentum distributions generated by the laser pulse. Experimentally, a focused laser pulse does not have a uniform peak intensity. Rather the peak intensity is distributed within the focal volume. In order to compare with experiments, we need to take into account the volume effect. Within the QRS, this is routinely carried out. In fact, a returning wave packet including the volume effect is easily calculated; see Chen et al. [30] . In Fig. 5 , the volume-integrated wave packets [30] are plotted for 800-nm pulses at peak intensities of 4.0, 4. 14 W/cm 2 , with a wavelength of 800 nm. The arrows indicate the minimum momentum for the recollision electron to excite the electron in the parent ion He + from n = 1 to n = 2 and n = 3 states, or to ionize the parent ion, respectively. The corresponding energy of the returning electron is also indicated on the top horizontal axis.
III. RESULTS AND DISCUSSION
A. Correlated electron spectra due to the (e,2e) processes in strong laser fields
Based on the QRS model, we obtain the correlated twoelectron momentum spectra using different field-free (e,2e) collision theories introduced in Sec. II A. The results are to be compared to the data of Staudte et al., in particular, the part that was attributed to the (e,2e) collisions; see Fig. 4(b) . First, we consider the case when the returning electron has a fixed energy of 85 eV, or k r = 2.5. The correlated electron spectra obtained using the P-CC model and the P-CCC model are displayed in Figs. 6(a) and 6(b), respectively. The momentum spectra of the P-CC model appear like two half moons, with no clear minimum along the diagonal line connecting the first and third quadrants. From the analysis in Sec. II E, the main contribution to the correlated spectra in the P-CC model is due to binary collisions. On the other hand, the prediction based on the P-CCC model shows that recoil collisions dominate. The P-CCC model predicts little signals along the diagonal line in the first and third quadrants and shows fingerlike features that are much closer to the experimental data shown in Fig. 4(b) . Such analysis clearly indicates that Coulomb repulsion between the two outgoing electrons is crucial in (e,2e) collisions at the energy of 85 eV. Since the ionization energy of He + is 54.4 eV, after impact ionization, the two electrons have only about 30 eV to share between them. For such low-energy collisions, electron-electron interaction is expected to play an important role, as reflected by the large difference in the correlated electron spectra between the P-CC and P-CCC models.
To obtain correlated electron-momentum spectra that can be compared to the experimental data, the theoretical calculations should be integrated over the momentum distributions of the returning wave packet. For the 800-nm laser at peak intensity of 4.5 × 10 14 W/cm 2 used by Staudte et al., the returning electron wave packet is shown in Fig. 5 , along with two other nearby intensities. In Fig. 7 , we compare the volumeintegrated momentum spectra of the theoretical simulations with experimental measurements taken from Fig. 4(b) . Only spectra in the first quadrant are shown since the spectra in the third quadrant are symmetric with respect to the first quadrant.
The volume-integrated spectra of P-CC and P-CCC shown in Fig. 7 are slightly different from the results at the fixed incident returning energy shown in Fig. 6 while the main features remain the same. Again, different from the P-CC, the P-CCC predicts a fingerlike structure which is in better agreement with the experimental measurement. A comparison of P-DS3C versus P-CCC shows that the two separated peaks in the spectra of P-CCC are connected by a bridge in P-DS3C. This illustrates the effect of screening included in the P-DS3C model, which suppresses somewhat the strong electron-electron Coulomb repulsion.
To understand how the two electrons share the total available kinetic energy after the (e,2e) process, we consider the situation where the incident electron comes along the +ẑ direction, corresponding to laser-induced correlated momentum spectra in the third quadrant in Fig. 6 2 ) and the exchange amplitude g(k 1 ,k 2 ) are identical, provided that the two electron indices are exchanged, we show only how the direct ionization yields depend on the energy of the ejected electron (electron 2), for the P-CC and P-CCC models, respectively. The total direct ionization yields in the two-electron momentum space for the two models are shown in Figs. 8(a) and 8(e) , respectively. For the P-CC model, the distributions are mostly in the binary collision region (see the illustration in the third quadrant of Fig. 2) , with minor components in the recoil collision region. In contrast, for the P-CCC model, the main distributions are in the recoil collision region. In Figs and 8(f)-8(h) correspond to the asymmetric geometry in which one electron has higher energy than the other. It clearly shows that total momentum distributions are mainly coming from the low-energy part. This implies that highly asymmetric (e,2e) processes make bigger contributions.
The TDCS provides the most detailed information about the (e,2e) processes. To see the mechanism in a more direct way, we next focus on the TDCS for fixed k • . The corresponding coplanar (e,2e) geometry is illustrated in Fig.10 .
In Fig. 9 , the TDCS for θ 2 < 90 • and θ 2 > 270 • corresponds to the spectra for k || 2 > 0 in the first quadrant, while that for 90
• < θ 2 < 270 • corresponds to the spectra for k || 2 < 0 in the forth quadrant in Fig. 8 . It can be seen in Fig. 9 that a strong binary peak is reproduced in the P-CC calculations when θ 2 < 90
• , corresponding to the geometry displayed in Fig. 10(a) . The binary peak shifts to a smaller angle when the 063417-9 ejected electron energy increases. This is because for fixed k ⊥ 1 the ejected electron obtains the same amount of −k ⊥ 2 at a smaller outgoing angle with larger energy. In contrast, the P-CCC predicts a much lower binary peak due to the Coulomb repulsion between the two electrons. As shown in Fig. 10(a) , when the ejected electron appears at the position where a strong binary peak is produced in the P-CC model, the two electrons are close to each other such that k 12 is small and consequently α 12 in Eq. (9) is large. In this situation, a very strong Coulomb force acts on the two electrons and prevents them from approaching each other. This strong Coulomb interaction forces the ejected electron to move along the opposite direction of the projectile, as illustrated in Fig. 10 by the left (red) arrow, such that a high backward peak in the TDCS is predicted by the P-CCC model around θ 2 = 180
• (see the dotted line in Fig. 9 ). The P-CC model also reproduces a high peak around θ 2 = 310
• , which corresponds to the geometry displayed in Fig. 10(b) . In this case, the two electrons are close to each other again. For the same reason, the P-CCC predicts almost zero cross section for θ 2 > 270
• . For smaller scattering angle θ 1 , generally a larger TDCS is expected. However, the binary collision is suppressed significantly by the Coulomb interaction.
It should be noted that for higher incident energy, k 12 increases and the Coulomb interaction becomes weaker when the ejected electron goes out in the direction when k
Consequently, a relatively stronger binary peak can be generated in the P-CCC model.
B. Correlated electron spectra due to excitation-ionization processes in strong laser fields
In Sec. II E, we separated the (e,2e) and the tunnelingexcitation spectra from the total experimental measurements, as shown in Fig. 4 . Before presenting the details of our simulation procedures for the excitation-tunneling process, we first show the calculated final volume integrated tunnelingexcitation spectra in Fig. 11(a) . This is to be compared to the corresponding experimental data in Fig. 11(b) , which are taken from Fig. 4(c) . Significant discrepancies are found between the two. The experimental data show distributions, called the "cross," along the axes p || 1 = 0 and p || 2 = 0, which are absent in the theoretical simulation. In fact, according to the kinematical analysis, as shown in Fig. 3 , the cross appears in the kinematically forbidden region. Therefore, if the cross is real, then it must be attributed to some other mechanisms. This is addressed later.
Using the electron-momentum spectra calculated from the excitation-tunneling mechanism, shown in Fig. 11(a) , we separate out the experimental spectra in Fig. 11(b) into the sum of Fig. 11(c) and Fig. 11(d) ; the former is the correlation spectra from the new mechanism which we have not yet addressed, and the latter is the correlation spectra from the true excitation tunneling. In other words, the theoretical simulation for excitation tunneling should be compared to the experimental data in Fig. 11(d) , instead of Fig. 11(b) . This separation is done by assuming that the sum spectra in the four corners of Fig. 11(b) are all due to true excitation-tunneling process. By multiplying the theoretical spectra by a constant and adjusting it until the spectra in the four corners in Fig. 11(b) have the best fit, we then attribute the remaining part to be the cross." Once the cross is obtained, we obtain Fig. 11(d) to be the difference between Fig. 11(b) and Fig. 11(c) . Any negative values are replaced by zeros in the substraction process.
To generate correlated momentum spectra for excitation tunneling in a strong laser field, we first calculate the singlet DCS for laser-free electron-impact excitation. In our calculations, Coulomb waves are used to describe the projectile electron, for both the initial and the final states. In Fig. 12 , the DCS for excitations of He + from the ground state to 2s, 2p, 3s, 3p, and 3d states as function of scattering angles for an incident energy of 85 eV are shown. The DCS drops rapidly as the scattering angle increases. Furthermore, excitation to the n = 3 states are about one order of magnitude smaller. Thus excitations to higher n states are not considered.
From the laser-free DCS, we can readily obtain parallel photoelectron momentum spectra for a given recollision energy by using Eqs. (37) and (38) . For electrons returning along the −ẑ direction with energies of 65 and 85 eV, for excitation of He + from the 1s to 2s state, their parallel momentum spectra are shown in Fig. 13(a) . Note that the momentum shift by the vector potential at the time of recollision has been included. Thus, for example, for the 85-eV incident electron, the parallel photoelectron momentum covers the range of 0.2 to 3.8 a.u. A narrower parallel momentum range is covered if the incident energy is 65 eV, as seen in Fig. 13(a) .
We next calculate the tunneling ionization rate from the excited states and their corresponding parallel momentum distributions. Consider the parallel momentum spectra for an electron in the 2s excited state in an 800-nm laser, with pulse duration of 45 fs and peak intensity of 4.5 × 10 14 W/cm 2 . In , where A 0 = 2.0 is the maximum value of the vector potential. It should be noted that the volume-averaged p || 2 spectra are different for E i = 65 and 85 eV. Although they have similar shape, the magnitude for 85 eV is about 55 times smaller. This is because the focal volume which can generate 65-eV returning electrons is much larger than the one which can generate 85-eV electrons. Since electrons in the excited states are readily ionized, the calculated momentum spectra is very sensitive to the laser intensity. In general, at lower intensity, the momentum spectra has higher distribution at the center. As the intensity increases, the distribution at the center is depressed. To understand this, recall that excitation occurs when the electric field of the laser is near zero or when the vector potential is near the peak. As the electric field E(t) increases at time t, tunneling ionization occurs and the electron emerges with a momentum given by the vector potential A(t). For high intensities, electrons are quickly ionized such that the ionization rate is small, due to depletion, when the electric field reaches its maximum value, where A(t) is close to zero. From this discussion, it is clear that the momentum spectra for an electron tunnel ionized from higher excited states (for n greater than 2) will have very small or even zero distribution at the center since it is ionized immediately after excited by the returning electron.
The correlated momentum spectra is a product of parallel momentum distribution of the recollision electron after excitation, as shown in Fig. 13(a) , and the momentum yield of the excited electron after tunnel ionization, as shown in Fig. 13 The distributions in Figs. 13(c) and 13(d) are for electrons returning along −ẑ. Based on the symmetry shown in Fig. 3 , we can obtain the total correlated electron-momentum spectra for the excitation-tunneling processes shown in Figs. 13(e) and 13(f).
The final correlated momentum spectra for the two outgoing electrons in the excitation-tunneling process is obtained by means of Eq. (47) to account for the energy distribution of the returning electrons. The result for the 2s state is shown in Fig. 14(a) . To account for all the excited states that are populated by the returning electrons, we also perform similar calculations for the 2p, 3s, 3p, and 3d excited states. Note that for l > 0, the calculations are carried out for each magnetic quantum number m, except that the yield for m and −m states are identical. The correlated electron-momentum spectra, after including the volume integration, for the 2p state with m = 0 and m = 1 are shown in Figs. 14(b) and 14(c), respectively. Note that for a given n, the contribution from the np state is the largest. They are the so-called optical allowed transitions; that is, they can be reached by absorbing one single photon from the 1s state of He + . Within the np substates, the m = 0 is larger than m = ±1, since the excitation DCS decreases when |m| increases. In addition, tunneling ionization favors the m = 0 states, which implies that the momentum distribution of tunneling ionization is enhanced at small momenta for large |m|. This explains why the correlated momentum spectrum in Fig. 14(c) for m = 1 shrinks compared with that in Fig. 14(b) for m = 0. The sum of the correlation spectra from all the n = 2 and n = 3 excited states has already been shown in Fig. 11(a) .
C. Capture-tunneling ionization as a new mechanism for NSDI
According to our analysis of the correlation spectra in NSDI so far, we are left with the spectra in Fig. 11(c) , which cannot be attributed to either the (e,2e) or the excitation-tunneling processes. We suggest that this distribution is due to the capture-tunneling mechanism in which the returning electron is captured by dielectronic recombination with He + (1s) ion to form a doubly excited state, say, the He (2s2p) state. In field-free situations, this is a resonance process, and the doubly excited state can be stabilized by emitting a photon or by autoionization. In the laser field, the two electrons in the doubly excited states are easily tunnel ionized, thus contributing to the NSDI events. Since dielectronic recombination is a resonant process, for He (2s2p 1 P ), the returning electron must have the fixed energy of 35.6 eV. The lowest single peak intensity of the laser field capable of generating this electron energy is 1.9 × 10 14 W/cm 2 . Since doubly excited states are highly correlated, we cannot say which electron will tunnel out first. For the qualitative discussion here, we say that it is the 2p electron that is ionized first. Since the binding energy of He (2s2p) is only 5.2 eV (with respect to the 2s or 2p states of He + ), the first electron will be tunnel ionized soon after its formation, that is, at the time when the laser's electric field is small or when the vector potential is large. This process will produce the first continuum electron with large drift velocity near the maximum of the vector potential. Choosing a laser field with the single peak intensity of 3.0 × 10 14 W/cm 2 as an example, we show the ionization rate as a function of time together with the electric field and the vector potential in Fig. 15(a) . It can be seen in Fig. 15(a) that the 2p electron in He (2s2p) is almost completely ionized before the electric field reaches its maximum value. As a result, the ionization of the 2s electron in He + (2s) gets started soon after. However, the ionization potential of He + (2s) is 13.6 eV; it is tunnel ionized near the peak of the electric field only and thus emerges with a near-zero drift momentum. The ionization rate as a function of time for the tunneling of the He + (2s) electron is plotted in Fig. 15(b) . The corresponding momentum distributions for these two tunneling processes are shown in Fig. 15(c) . The correlated momentum spectra can be constructed by taking the product of the momentum distributions of the tunneling processes of the two electrons, as shown in Fig. 15(d) . Clearly the calculations can be applied to other doubly excited states like 2s2s( 1 S) and 2p2p ( 1 S, 1 D) formed by the rescattering process. We assume that they all have the same shape. Note that we need to include singlet doubly excited states only as the total spin is conserved for the two-electron system. In this analysis, we do not include doubly excited states where one of the electrons has a principal quantum number greater than 2. They would contribute more to the four corners of the cross in Fig. 15(d) , but their contributions are expected to be small.
A comparison of the simulated correlation spectra in Fig. 15(d) with the cross in Fig. 11(c) shows that capture tunneling does not reproduce the central peak of the cross at the origin. To isolate an additional possible mechanism, we use the same procedure used in Fig. 11 to obtain Fig. 16 . Here we assume that the outer portions of the cross are due 063417-12 to capture tunneling. The remaining distributions near the origin are shown in Fig. 16(c) . Since both electrons have small momenta, any processes that produce two low-energy electrons should be considered. They can include multiphoton double ionization (MPDI), or single ionization followed by the shakeoff of the second electron, for helium from the ground state. Photoionization of doubly excited states is not considered to be likely since they would be ionized at lower electric fields of the laser and emerge with higher momenta for both electrons. At this moment, we do not have an efficient simple model to estimate these contributions.
D. Recoil-ion longitudinal momentum distributions
From the correlated two-electron longitudinal momentum spectra, we obtain the longitudinal momentum spectra of He 2+ ions, shown in Fig. 17 . Recall that we first separate the (a) Separation of the total experimental spectra into (e,2e) and all other mechanisms; (b) separation of the experimental spectra of all mechanisms except (e,2e) into excitation tunneling, capture tunneling, and multiphoton double ionization; (c) experimental spectra of excitation tunneling and (e,2e); and (d) theoretical spectra of excitation tunneling and (e,2e). correlated momentum distributions of the experimental data into two parts: one is (e,2e) and the other is mainly excitation tunneling, as shown in Fig. 4 . In Fig. 17(a) , the experimental momentum spectra of He 2+ ion are separated into the (e,2e) part and the non-(e,2e) part. From the result, we calculated that the (e,2e) part contributes only a small portion (about 24%) to the total NSDI.
Following the analysis in Sec. III C, we also calculated the He 2+ ion momentum distributions from the experimental correlated momentum spectra, for the true tunneling ionization, capture-tunneling, and MPDI mechanisms, respectively, and the results are plotted in Fig. 17(b) . From these distributions, we calculated that the three non-(e,2e) processes make contributions of 53%, 17%, and 6%, respectively, totaling 76% of the NSDI.
We have not evaluated the ion-momentum distributions theoretically for capture-tunneling or MPDI mechanisms so far. Thus we compare ion-momentum distributions in Figs. 17(c) and 17(d) for the true excitation-tunneling process and the (e,2e) process, from the calculation versus from the experiment. For the (e,2e) part, the results are from the DS3C model. From the comparison in Figs. 17(c) and 17(d), one can see that while the main features of the ion-momentum distributions in the experimental data are well reproduced by theoretical simulations, the theoretical distributions for the (e,2e) part on each side in Fig. 17(d) are somewhat narrower than the experimental one. This is the consequence of the wider angle between the two recoil peaks in Fig. 7(c) as compared to the experimental data seen in Fig. 7(d) -a consequence of too much electron-electron repulsion included in the DS3C model. For excitation tunneling, the distribution near the top is much flatter from the experiment than from theory. Despite this, the main features of ion-momentum distribution are well reproduced in the simulation.
IV. SUMMARY AND FUTURE DIRECTIONS
In this paper, we applied the recently developed QRS theory to the nonsequential double ionization of a helium atom in an intense laser field. According to the rescattering model, double ionization may occur via direct (e,2e)-type ionization of the target ion or by collisional excitation of the parent ion followed by tunnel ionization. Using the QRS model and standard field-free electron-scattering theories to evaluate the correlated two-electron longitudinal momentum spectra reported by Staudte et al. [15] , we draw the following major conclusions: (1) Tunneling ionization is the dominant NSDI mechanism for the experiment of Staudte et al. ( 2) The fingerlike structure observed in the experiment is due to the (e,2e) collisions, and the structure can be explained only when the effect of electron-electron repulsion is included in the final state. (3) Based on the kinematic analysis, there are features in the correlated electron spectra that cannot be explained by the (e,2e) or the excitation-tunneling mechanisms. We suggest that a big portion of the remaining features be attributed to capture-tunneling ionization where the returning electron is captured by the ion to form doubly excited states. The two excited electrons are then sequentially tunnel ionized by the laser field. (4) The experimental data also showed pronounced double-ionization yields where both electrons have small momenta. We suggested that they may arise from double ionization by multiphoton absorption or single ionization followed by shake-off process-from the ground state. The mechanisms suggested in (3) and (4) account for only a small portion of the total double-ionization events, but their presence is quite noticeable in the correlated electron spectra.
There remains much to be investigated for the NSDI processes. Experimentally it would be desirable to study NSDI at the level of momentum distributions of both electrons, using lasers of longer or shorter wavelengths and at different intensities. Since the relative importance of the interaction between two electrons depends on the energies of the returning electrons, these studies can shed new light on the models used for electron-impact excitation and ionization of atomic ions. Such studies can bridge strong-field physics with the conventional electron-collision physics. On the theory side, built on the present work, more sophisticated field-free collision theories can be employed within the QRS model to obtain more accurate quantitative results. Clearly a push for such better calculations would become desirable only if a more extended set of correlated electron spectra over a range of laser parameters is available.
